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Abstract. In this paper, we derive eight basic identities of symmetry in three 
variables related to generalized Bernoulli polynomials and generalized power 
sums. All of these are new, since there have been results only about identities 
of symmetry in two variables. The derivations of identities are based on the p- 
adic integral expression of the generating function for the generalized Bernoulli 
polynomials and the quotient of p-adic integrals that can be expressed as the 
exponential generating function for the generalized power sums. 
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1. Introduction and preliminaries 

Let p be a fixed prime. Throughout this paper, Zp,Qp,Cp will respectively 
denote the ring of p-adic integers, the field of p-adic rational numbers and the 
completion of the algebraic closure of Qp. Let d be a fixed positive integer. Then 
we let 

X = Xd = liniZ/rfp^Z, 
and let TT : X — !- Zp be the map given by the inverse limit of the natural maps 

Z/dp^Z Z/p^Z. 

If g is a function on Zp, we will use the same notation to denote the function 
g o TT. Let X ■ {Z/dli)* Q be a (primitive) Dirichlet character of conductor d. 
Then it will be pulled back to X via the natural map X Z/dZ. Here we fix, once 
and for all, an imbedding Q — !> Cp, so that x is regarded as a map of X to Cp(cf 

For a uniformly differentiable function / : X — > Cp, the p-adic integral of / is 
defined(cf 0]) by 



^ dp" -I 
/(z)dM(z) = ^linr^^ E 



Then it is easy to see that 



(1.1) / f{z + l)dfi{z)^ / f{z)d^i{z) + f{0). 

J X Jx 
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More generally, we deduce from (jl.ip that, for any positive integer n, 

« « n— 1 

(1.2) / f{z + n)dfi{z)^ / fiz)d^i{z) + Y,f'ia)- 
Jx Jx 

Let I \p be the normalized absolute value of Cp such that \p\p = ^, and let 

(1.3) E = {teCp\\t\p<p-^^}. 

Then, for each fixed t Cz E, the function e^* is analytic on Zp and hence considered 
as a function on X, and, by applying (|1.2p to / with /(z) = xi^)^^^: g^t the 
p-adic integral expression of the generating function for the generalized Bernoulli 
numbers Bn,x attached to %: 

d-l oo 

(1-4) / x(^)e^*dA.(z) ^ ^iT^T.^i^)^'"' = E^"^x- ^ 

So we have the following p-adic integral expression of the generating function for 
the generalized Bernoulli polynomials -B„.^(x) attached to x- 

(1.5) 



P I -L 4-71 

/ x(^)e("+^)*dA.(^) = E E (i G i?, 2; G Zp). 

Also, from ()l.ip we have: 

(1.6) / e^*d/i(z) = - ^ 



Let Sk{n,x) denote the fcth generalized power sum of the first n + 1 nonnegative 
integers attached to Xj namely 

n 

(1.7) Sk{n, x) = E ^(«)«' = ^(O)O' + ^(l)l' + ■ ■ • + X{n)n'. 

a=0 

From (|1.4p . (II. 6p . and (|1.7p . one easily derives the following identities: for w G Z>o, 
^d/^x(^)e-*d/.(x) _ ^ 

iwd— 1 

(1-9) = E 



00 

(1.10) =^5fc(w;d-l,x);^ (tei?). 

fe=0 

In what follows, we will always assume that the p-adic integrals of the various 
(twisted) exponential functions on X are defined for f G i? (cf. (|1.3p ). and therefore 
it will not be mentioned. 

[I] I [2] , [1] , [2] and [8] are some of the previous works on identities of symmetry 
involving Bernoulli polynomials and power sums. For the brief history, one is 
referred to those papers. 
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In this paper, we will produce 8 basic identities of symmetry in three variables 
wi,W2, W3 related to generalized Bernoulli polynomials and generalized power sums 
(cf. (|j^ - (HTII)) . dUni), (HTTi)) - (HT7)) V All of these seem to be new, since there have 
been results only about identities of symmetry in two variables in the literature(f5l)- 
The following is stated as Theorem 2 and an example of the full six symmetries in 

Wi,W2,W3. 



E 

k-\-l-\-m—n 
k-\-l-\-m—n 



E 

-l-\-m- 

E 
E 

-l-\-m- 

E 



k+l+m— 71 



fc+Z+m— n 



fc+Z+m— n 



n 

/, m 
n 

k, I, m 
n 

k, I, ni 
n 

k, I, m 
n 

fc, /, m 
n 

fc, /, m 



Bk,^{wiyi)Bi,^iw2y2)Smiw3d-l,x)w[+"'wl+"'wl+'~' 



BkAw2yi)Bi,^{wiy2)S„,{w3d - l,xW2+'"'wl+"'w^+'-^ 



Bk,Aw2yi)Bi,xi^3y2)S„^{w,d - l,x)w'+"'w^,+''^w',+'-' 



Bk,^{w3yi)Bi^^{w2y2)Sr,,{w^d~l,xW^"'wt^"'wt'-^ 



Bk,x{^3yi)Bi,^{wiy2)S^{w2d-l,x)wi^"'w't^w^-^'-\ 



The derivations of identities are based on the p-adic integral expression of the 
generating function for the generalized Bernoulli polynomials in ()1.5p and the quo- 
tient of integrals in (|1.8p - ()1.10p that can be expressed as the exponential generating 
function for the generalized power sums. These abundance of symmetries would 
not be unearthed if such p-adic integral representations had not been available. We 
indebted this idea to the paper [5]. 



2. Several types of quotients of p-ADic integrals 

Here we will introduce several types of quotients of p-adic integrals on X or 
from which some interesting identities follow owing to the built-in symmetries in 
wi,W2tW3. In the following, wi, 1/72,^3 are positive integers and all of the explicit 
expressions of integrals in p.2p . (|2.4p . p.6p . and p.Sp are obtained from the iden- 
tities in (|1.4p and (|1.6p . To ease notations, from now on we suppress /i and denote, 
for example, dfi{x) simply by dx. 

(a) Type AI3 (for z = 0, 1, 2, 3) 



1(^23) 
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(2.1) 

" ilx "'^ "'^ * ^^^4 ) ' 

(2.2) 

(wiW2'W3)^~'t^"*e"''"'2"'-^*^.>=i ^^■'*(e'^"'i"'2tu3t _ i)i 

d-1 d-1 d-1 

a=0 a=0 a=0 

(b) Type AI3 (for i = 0,1,2,3) 
(2.3) 



(2.4) 



1x3 x(^i)x(a;2)x(a;3)e^"''''+"'''''+""'''+'"'"''""^^^=^ ^^"'dxidxadxa 

(uii'u;2W3)-^~*f^~'e"'^"'^"'^'^?=i ^^'^*(e'^"'i"'^"'^* — 1)' 
^gdiuit _ i)(grf«'2* _ l)(e'^'''3* — 1) 

X {J2 X(«)e""^*) (E xWe""'^* ) (E X(a)e«-^*) 

a=0 a=0 a— 



(c-O) Type A;2 
(2.5) 

/(Aja) = / x(a;i)x(a;2)x(a;3)e(^i^i+"'^^^+'"='^=*+'"='"^^+'"i'"^^+"'i"'=^)*rfa;irfa;2rfa;3 

JX3 

_ i(;^i(;2M;3t3g(t«2l«3+t«l«'3+«'l«'2)yt 

y ' ) ~ ^gdtoit _ ]^^^gdtU2t _ l)(g'i'"3t _ 1) 

X (E xWe"'"^*) (E x(a)e""'^*)(E x(«)e""='*) 

a=0 a=0 a=0 



(c-l) Type Ala 
(2.7) 



/x3 x(a;i)x(a;2)x(a;3)e("'i^i+'"=^^+"'=*^^)*da;irfa;2rfa;3 



(2.8) 



J^3 e<^(«'2«'32l+«'lJ«322+Wl«)2Z3)tc^2;id^2rf-23 
^gdu!2«'3t _ ^-^f^pdwiw^t _ ^^^^dwiW2t _ j^-j 

wiw;2W3(e'^'"i* - l)(e''"'2* - l)(e'^™3t _ 1) 

d-l d-1 d-l 

X (E X(a)e''-^*)(E x(«)e"'"^*)(E x(a)e'^-^*) 

a=0 a=0 a=0 
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All of the above p-adic integrals of various types are invariant under all permutations 
of wi,W2,W3, as one can see either from p-adic integral representations in (|2.1[) , 
(1231), and (P?7)) or from their exphcit evaluations in ([^ . ([^ . (P^ . and 

(Ell). 

3. Identities for generalized Bernoulli polynomials 

All of the following results can be easily obtained from (11.51) and (|1.8l) - (|1.10p . 
First, let's consider Type A23, for each i = 0,1, 2, 3. 

(a-0) 

Jx Jx 



X / x(2;3)e"'^"'"(^^+"'='^^'*(ia;. 



3 



X 



= (f:^H^(-2^.3t)^-)(f:^^;^K-3t)')(f: "'-^iT^'h ^.w^tD 

k 

(3.1) 



k=0 1=0 m=0 



E( E (fc " jsfe,xKyi)S,x("'22/2)S™,x(«^3y3)«;l+'"«^2'+'"^«3+')^: 
n=0 fe+;+m=n ^ ' ' ^ 



where the inner sum is over all nonnegative integers k,l,m, with k + I + m = n, 
and 



n \ n 



k,l,mj kW.ml 



(a-1) Here we write /(A23) in two different ways: 

(1) 
(3.2) 

/(A^3) = — / x(a;i)e'"="'^(^^+"'i''i)*dxi / x(a;2)e"'^"'^(^^+'"=^^^)*da;2 



W3 Jx Jx 

dw3 /^x(a^3)e"'^"'^"^*rfx3 
1 ^V^ n . (■u;2w;3i)'' P . Jwiw^tY 

^ k=Q ' /=0 

X . X ,„„ w , ,,,(W1W20' 



(Y^ Sn^iwsd- l,x)- 



m=0 



(3.3) 

E( E (^^" JSfe,xK2/l)S^.x(^2y2)^™(^«3d-l,X)«'l+™^2+"^«3^'"')^- 



n=0 k+l+m=n 

(2) Invoking (11.91) . p.2p can also be written as 
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^(A^3) 

a=0 fc=0 ■ i=0 ■ 

(3.4) 

oo / \ yj^d— 1 



(a-2) Here we write /(A23) in three different ways: 

(1) 
(3.5) 

/(A^ ) = / x(a^i)e"^"'^^"^+"'^"^^*rfa;ix ^ ^, ^' 

dw3 /^x(a;3)e'"i™^"^*dx3 



X ■ 



fc=o ■ ;=o 

^-^ m! 

m=0 



(3 5) n=0 fc+(+m=n ^ ' ' ^ 



X Sm{W3d- l,X)Wl W2 W3 ) — . 



(2) Invoking (11.91) . p.5p can also be written as 



(3.7) 

ui2(i— 1 „ 

— y X{a) / x{xi)e"'^^''"'^'''''"'^^"''dxi x 



W2d— 1 



EK^'E J E X(«)i3fc,x(^"l2/l + — «)^n-fe(^3d-l,xX-'^«3"')-- 



(3) Invoking ()1.9p once again, p.7p can be written as 
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-| W2d—1 w^d—l ^ 

^^2w^3 trL Jx 



a=0 b=0 



^—^ 7/Io 1/lr> r?,l 



tTo t^o ,tro ^2 ^^3 

OO 'W2d~l w^d—l ^ 

(3.9) =^((«;2Z«3r-' E E x(a6)i?n,xK2/i + — «+— fe))^- 



(a-3) 



^ '^^'~wiW2W3^ ^^e'^'^^'^^'^^'^'^Hxi ^ ^^e'^'^^'^^'^^^'^Hxi 

X (> S'„(w3d- l,x)^ j-^ 

— ' to! 

m=0 



(3.10) 



= E E iij^^i ]Sk{wid~l,x)Si{w2d-l,x)Sm{w3d-l,x) 

xu-'+^-iw^^-i^w.^+'-i)^. 

n! 

(b) For Type [i — 0, 1, 2, 3), we may consider the analogous things to the ones 
in (a-0), (a-1), (a-2), and (a-3). However, these do not lead us to new identities. 
Indeed, if we substitute W2W3,wiW3,wi'W2 respectively for wi,W2,W3 in (j2.ip . this 
amounts to replacing t by wiW2W3t in (12. 3p . So, upon replacing wi,W2,W3 respec- 
tively by W2W3, W1W3, W1W2 and dividing by (wi?x;2W3)", in each of the expressions 
of ([XI]), (13131), dOI), dMl), (P^ - (|5JU)) . we will get the corresponding symmetric 
identities for Type A^g (i = 0, 1, 2, 3). 

(c-0) 

/(a;2) 

X(xi)e"'i(^i+"'^^)*dxi / x{x2)e'"^^''^"''^-'y^*dx2 [ x{xz)e^''^''''+'"'y^*dx3 
X Jx Jx 

^ ^h^in^,t)^)i± ^^^iw2ty){± ^^^^^{wstD 

n=0 ' 1=0 ' m=0 
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(3.11) 



J2 (k 'i ^)^k.x{'W2y)Bi,^(w3v)B^.^{wiv)w'lw\w'^) — . 

n=0 k+l + m=n V ' ' / 



(c-1) 

1 dw2/_yX(xi)e"'i^i*o?a;i dws xix2)e'"'''''dx2 



W1W2W3 e''"'i'"2 23tc;z3 e'''"2«'3zitrf2^ 

dwi JxX{x3)e'"''''*dx3 



X - 



(f - 1, x)^)(f: ^K-3rf - 1, x)^) 

x(f;5™Kd-i,x)^^) 

•■^ — ' m! 

m=0 



(3.12) 

X! "^)'5'/c('f«2d- l,x)'S'i(w3d- l,x)5'm(w;id- l,x) 

n=0 fe+i+m=n ^ ' ' ™^ 



4. Main theorems 

As we noted earlier in the last paragraph of Section 2, the various types of 
quotients of p-adic integrals are invariant under any permutation of wi, ■u;2, W3. So 
the corresponding expressions in Section 3 are also invariant under any permutation 
of wi, z/;2, 1^3. Thus our results about identities of symmetry will be immediate 
consequences of this observation. 

However, not all permutations of an expression in Section 3 yield distinct ones. 
In fact, as these expressions are obtained by permuting iyi,ix;2,u'3 in a single one 
labeled by them, they can be viewed as a group in a natural manner and hence 
it is isomorphic to a quotient of 53. In particular, the number of possible distinct 
expressions are 1,2,3 or 6. (a-0), (a-l(l)), (a-l(2)), and (a-2(2)) give the full six 
identities of symmetry, (a-2(l)) and (a-2(3)) yield three identities of symmetry, and 
(c-0) and (c-1) give two identities of symmetry, while the expression in (a-3) yields 
no identities of symmetry. 

Here we will just consider the cases of Theorems 4 and 8, leaving the others as 
easy exercises for the reader. As for the case of Theorem 4, in addition to ()4.1ip - 
()4.13p . we get the following three ones: 
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(4.1) 



k-\-l-\-m—n 

(4.2) 



k-^l-\-ni—n 

(4.3) 



fc+i+m— n 



E ^jBk,^iw3y,)Sliw2d-l,x)Sraiwid-l,x)y^3''"'w2^'"''w'l 



l+rn k-\-rn—l — 1 



But, by interchanging I and m, we see that (|4.ip . (14. 2p . and (|4.3p are respectively 
equal to (|iJT|) . and dUg. 

As to Theorem 8, in addition to (|4.17p and (|4.18p . we have: 



(4.4) 



(4.5) 

E "^)'S'fc(w3rf- l,x)'S';(u'irf- l,x)'S'm(w2d- 1,X)W2"^W3"^W™ 

(4.6) 



( ]Sk{w3d- l,x)Si{'W2d- l,x)Smiwid- l,x)w^ ^w] 

, , \K,Lmi 

k+l+m=n ^ ' ' 

(4.7) 

E (y^ i'm)'^''*-^^^" ^,x)Si{wid~ l,x)Sm{w3d- l,x) 



However, (|4.4p and (|4.5p are equal to (j4.17p . as we can see by applying the per- 
mutations k 1,1 m,m k for (|4.4p and fc -H- m, ^ — > fc, m — Z for (|4.5p . 
Similarly, we see that (14. 6p and (|4.7p are equal to (|4.18p . by applying permutations 
— ^ ; — > m, m — > fc for (|4.6p and A; — m, Z — > /c, m — > Zfor (|4.7p . 
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Theorem 4.1. Let wi,W2,W3 he any positive integers. Then we have: 



(4.8) 



E 

= E 
= E 

fe+i+m— n 

- E 
= E 

k-\-l-\-m=n 



]Bk,^{wiyi)Bi^^{w2y2)Bm,x{w3y3)w[+"'w^+"'w^+^ 
]Bk,^{wiyi)Bi^^{vu3y2)B^,^{vu2y3)w[+"'w^+"'w^+^ 
\Bu^^{w2yi)Bi^^{wm)B^Awsy3)wl+'^w\+^wl+' 
\Bk,^{w2yi)Bi^^{wsy2)B^Awm)wi+'^wl+"'w'l+' 
]Bk,y^{w3yi)Bi,^{wiy2)Bm,x{u>2y3)wi+"'w^+"'w^+' 
]Bk,^{w3yi)Bi^^{w2y2)B„,^{wiy3)wl+"'w^+"'w^+K 

Theorem 4.2. Let wi,W2,W3 be any positive integers. Then we have: 



n 

k,l,mj 

n 

k, I, ni, 
n 

k,l,mj 
n 

k,l,m/ 
n 

k,Lmj 



: V , 

, f-^ \k,l,mj 

k+l+m=n ' ' 



(4.9) 



E U / )BkAwiyi)Bl,^{w2y2)Sm{w3d - l,x)w[+"'w'^ + "'w'3+'-' 

^ E fi. r ')Sfc,x(«^i2/i)5i,x(«'3y2)5„(«;2d-l,x)«'i+'"«^3+'"«^2+'"' 



E 



= E 

k-\-l-\-m=n 

= E 



E 



k, I, m 



k,l,m 



k,l,m 



k. I. 



BkAw2yi)Bi,^{wiy2)Smiw3d - 1, x)w'2+"'w'l+"'wl+'-' 



Bk,x{W2yi)Bi,^{W3y2)Sm{Wid - 1,X)W'2 -"^3 "^1 



Bk,x{w3yi)Bi^x{w2y2)S„,{w^d - 1, x)4+'"^2+'"«^^'"' 



Sfc,x(w32/i)Si,;,(«;iy2)^m(t«2d - l,x)^"'w'^"''w^^'~^ 



fc+i+m=n 

Theorem 4.3. Lei wi^W2^w^ he any positive integers. Then we have: 

n / \ wid—1 

Wi"^ E ( r)'^fc.x("^3yi) X] x{a)Bn-kAw2y2 + — a)w;^-'=w;^ 

n y ^ loid— 1 

=<"^E ( J^'='x(^2yi) X) x(a)'B„-fe,x(w^3y2 + ^a) 

fc=0 ^'^^ a=0 ^1 



W'2 "^3 
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7i / \ ■UJ'^U,— J. 

fc=0 ^ ' a=0 ^ 

=<"^ ( J-Sfc,x(«'iyi) X] x(«)Sn-fc,x(w'3y2 + —a)wl-^wl 

(4.10) 

="'3"^X) (?)^fc,x(«'2yi) X! X(a)^rx-fc,x(wiy2 + — aX"''w^ 

fe=0 ^ ^ a=0 

="'3"^X) ( J^A.xKyi) XI x(a)Sn-fc,x(^«2y2 + — aX-'=^(;^ 

fe=0 ^ ' a=0 

Theorem 4.4. Let wi,W2,W3 be any positive integers. Then we have the following 
three symmetries in wi,W2,ws: 

(4.11) 

E (fc '^)Bk,^{wiy,)Si{w2d-l,x)Srniwsd-l,x)w[+"'w^+^-'wl+'-' 

k+l+Tn=n ^ ' ' ^ 

(4.12) 



k-\-l-\-m—n 

(4.13) 



= E ['Ji?;c,x(«'3yi)5K«'i'^-i,x)^m(«^2d-i,x)«^3+"^«'^"-'"'2' 



,l-\-m^,,k-\-m — l^„k-\-l — l 

k-\-l-\-m=n 

Theorem 4.5. Let Wi^w^^w^ he any positive integers. Then we have: 

w\d—l 



<"'E( J E x{a)Bk,A^02yi + —a)Sn-k{wsd-l,x)wr''wt' 

fe=0 ^'^^ a=0 ^1 

=<"'E( J E x(a)Sfc,;,(«;3yi + ^a)5„_fe(«;2d-l,x)«^3"-'«^2'"' 

fc=0 a=0 ^1 

=^2"'E u) E x(a)Sfc,;,(«;iyi + ^a)5„_fe(«;3d-l,x)«^r'«^3'"' 

(4.14) '==° ''=° ""^ 

=^2 E U E x(a)Sfc,xKyi + ^a)5„_fe(«;id - 1, xM-'^^f 

k^O ^ ^ a-0 

3"'E(J E x(«)Sfc,;,(«;iyi + — a)5„_fe(«;2d-l,x)«^r'=«^2"' 

fc=0 ^ a=0 



n / \ w^d—l 

=<"'EU E x{a)Bk,Aw2yi + '^a)Sn-k{w,d-l,x)wr'w1-'. 



fc=0 ^ ^ a=0 



Theorem 4.6. Let wi,W2,W3 be any positive integers. Then we have the following 
three symmetries in wi,W2,ws: 
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wid—1 W2d~l 

a=0 6=0 

W2d—1 

(4.15) ={W2W^T~^ E x(a?')Sn,xK2/i 

a=0 6=0 

1^3^— 1 wi d—1 

a=0 5=0 

Theorem 4.7. Lei uii, ui2, W3 he any positive integers. Then we have the following 

two symmetries in wi,W2,w^: 

\k ^ ^]^k,x{'Wiy)Bi,^{w2y)Bm,x{w3y)w^w[w^ 



W3 . 

— a ^ 


b) 

W2 


Wl 

— a-\ 


6) 


Wo 

— a^ 

W3 





(4.16) 



= X (/, "I ^Bk,x{wiy)Bi,x{wsy)Bm,x{w2y)wlw[wf . 

k+l+m=n \ ' ' ^ 

Theorem 4.8. Let wi,W2,W3 be any positive integers. Then we have the following 

two symmetries in wi,W2, w^: 

(4.17) 



V )Sk{wid-l,x)Si{w2d-l,x)Sm{wsd-l,x)wt^w[-^< 

k+l+m=n ^ ' ' 



(4.18) 



' E L ^ ]Skiwid-l,x)Si{w3d-l,x)Sm{w2d-l,x)wt'w[-'w^-\ 

k+l+m=n ^ ' ' 
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